submitted taGeophys. J. Int.

A Finite-Difference Algorithm for Full Waveform

Teleseismic Tomography

S. Roecker, B. Baker, and J. McLaughlin

Rensselaer Polytechnic Institute, Troy, NY 12180, USA

SUMMARY

We adapt a 2D spectral domain finite difference waveform wrayohy algorithm previ-
ously used in active source seismological imaging to the casa plane wave propagat-
ing through a 2.5D viscoelastic medium in order to recovend® & wavespeed variations
from body waves recorded at teleseismic distances. A waaiste efficacy that permits
recovery of arbitrarily heterogenous models on moderatielyd computers provides the
primary motivation for choosing this algorithm. Synthetvaveforms can be generated
either by specifying an analytic solution for a backgroutahp wave in a 1D model and
solving for the source distribution that would produce itbg solving for a scattered field
excited by a plane wave source and then adding the backgwavefield to it. Because
the former approach typically involves a concentrationafrses at the free surface, the
latter tends to be more stable numerically. We adapt a gnadigproach to solve the
inverse problem to maintain tractability; calculating tradient does not require much
more computational effort than does the forward problerme Waveform tomography
algorithm can be applied in a straightforward way to perfoeceiver function migration

and travel time inversion.
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1 INTRODUCTION

Analyses of seismograms recorded by regional seismic mkesixd body waves generated by sources
at teleseismic distances have made tremendous contributicour understanding of the Earth’s inte-
rior. Two techniques in particular, travel time tomogragimg receiver function analysis, have evolved
from their introduction some 30 years ago (Aki et al., 197ifinik, 1977; Langston, 1979) to become
standard tools for visualizing properties of the mediunediy beneath the network. Travel time to-
mography techniques attempt to unravel an integrativeeffeslowness along a ray path or Fresnel
zone, while receiver function analysis focuses more ondbation of discrete scatterers, often in the
form of continuous interfaces, that generate coherent modeersions. Each approach has its partic-
ular advantages and shortcomings. Travel time tomographges are generally robust and useful for
illuminating large scale features, but the resolution efithages is often low and features such as iso-
lated zones of low wavespeed may be missed entirely. Redeivetions provide an excellent means
for detecting localized contrasts in medium propertied,tbea locations of those contrasts in space
and their implications for changes in the medium are ofterrlgalefined. For example, the illumina-
tion of the Mohorovicic discontinuity is now a routine tdsof P receiver function analysis, and the
Lithosphere-Asthenosphere boundary, until recently idened an exotic target, has become a fairly
robust result of S receiver function analysis (e.g., Omeshial., 2002; Kumar et al., 2005). However,
an accurate determination of crustal and lithospheridtigss is difficult without ancillary informa-
tion on background wavespeeds, for example from surface digpersion analysis (e.g., Herrmann et
al., 2001). Even with a reasonable background model, gatiné interpretation of mode conversions
can be difficult if the medium is laterally heterogeneous] as a result this type of analysis tends to
fall into one of two end-member categories: the “modelingt ¢hat presumes that the Earth beneath
a network is, at least locally, approximately one-dimenaipand a “migration” end that is interested
primarily in locating the sources of the mode conversiorth &t most a cursory explanation for the
polarity and amplitude of the scattered phase. A numbenafsiiigators at both ends have helped to
reduce this gap. For example, on the modeling end, Vinnik @4) compensate for lateral hetero-
geneity by assuming piecewise homogeneity and includimgptementary information from travel
time tomography. Advances on the migration side includatiradly straightforward incorporation of
tomographically derived wavespeeds (e.g., Wilson andrA2@03) and a variety of wave equation
based algorithms that locate scatterers using a Born éssugltterer) approximation (e.g., Bostok et
al, 2001; Poppeliers and Pavlis, 2003a; 2003b; Levanddr,2G95) Each of these approaches has
the advantage of requiring modest computational resoubtestill leaves a substantial gap between

modelers and migraters.

In this paper we attempt to reduce this gap further by intcodu a full waveform tomographic
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technique for quantitative modeling of teleseismic bodyeg both primary and multiply scattered,
that can be applied to 2.5D viscoelastic media. The full i@we approach simultaneously models

and migrates receiver functions and implicitly includesiwaf of travel time tomography as well.

2 TRACTABLE WAVEFORM TOMOGRAPHY

The termwaveform tomographyefers to a class of algorithms that attempts to recovernimédion
about medium properties from the entire seismic waveforhe Basic concepts of waveform tomog-
raphy were introduced through the seminal work of Lailly§2§ Tarantola (1984), Mora (1987) and
Woodward (1992), and, with a few exceptions (receiver fiemctodeling being one) have for the
most part been used in the active source environment. Aacttte advantage of waveform tomo-
graphic techniques over traditional travel time tomogyaisithe potential for significantly improved
image resolution: there simply is much more information iwaveform than there is in an arrival
time. For example, in a side by side comparison of the twortieeies in a simulated cross hole en-
vironment, Pratt (2003) demonstrated that while travektmasolution was limited by the size of the
Fresnel zone, waveform tomography resolution was on therartithe dominant wavelength in the
signal.

The algorithm we discuss here is an adaptation of wavefomogpaphy techniques developed
over the past 18 years by R. G. Pratt and coworkers (mostlyi€ksHL. Sirgue, Z. M. Song, Stekl,
and P. R. Williamson; for convenience these techniquesedieered to collectively below as the RGP
techniques). They are robust enough to have been sucdgsgiplied in analysis of real data (e.g.,
Brittan et al., 1997; Bleibinhaus et al., 2007). Equally mpdrtant as their track record, however,
is their demonstrated ability to generate reasonably ateumages in heterogeneous media without
resorting to computing on a massive scale. For example,wieeg used to image a hypothetical and
highly heterogeneous structure in a competition promoted Commission on Controlled-Source
Seismology (CCSS) workshop organized in 2003 (Brendersaatd, 2003; 2007; Hole et al., 2005).
The image generated by these techniques was easily as gdloosasgenerated by higher powered
algorithms but had the advantage of being produced usinggéediinux box.

While massively parallel computing has been a boon to sémoe.g., Acelik et al., 2002;
2003), it can be a rather inconvenient and expensive prijgosiWhile some investigators have had
success in generating images with 3D algorithms (e.g., @hah, 2007; Tape et al., 2009), existing
codes that can handle general 3D media typically requigelacale computing simply to do the
forward problem. Hence, inverse modeling with these aggresi.can be prohibitively time consuming
and expensive. Our aim is to develop a tool that investigatdgth modest resources will find useful.

An attraction of the RGP techniques is that they are geasedrtts smaller machines.
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Our starting point is the acoustic inverse problem desdribératt et al. (1990, 1998, 1999, 2003)
and Song et al. (1995a, 1995b) and an extension of the forpratulem to the elastic case by Pratt
(1990) andStekl and Pratt (1998). For clarity we summarize below thedancepts of those studies

that have direct bearing on the 2.5D teleseismic case.

3 WAVEFORM COMPUTATION

We define the forward problem for modeling teleseismic bodywes as the response of a locally
heterogeneous, viscoelastic medium to an excitation byepleaves generated by sources external
to that medium. We start with the Cartesian form of the thriesedsional elastic wave equation for

displacement, = (u, v, w) in an isotropic, heterogeneous medium in the frequency @oma
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wherew is the radial frequency andf = (f, fy, f.) is a source term. Conceding that a full 3D
approach is beyond the capabilities of moderately sizedpobans, we reduce the above equations
to 2.5D by recognizing a plane wave invariance in thdirection (Takenaka and Kennett, 1996)

expressed in the frequency domain as
u(z,y, z,w) = A(w)exp [i (wt — wpyy — kgx — k.2)] @

wherep, is they component of the slowness vector. Recognizing &hatdy = —iwp,u, 0?u/dy* =

—w2p§u, OA/0y = 0, anddu/dy = 0, the wave equations in 2.5D become
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Figure 1. Schematic of the model. We consider a heterogeneous medjtey fectangle) bounded by half

spaces on the top and bottom and vertically stratified medlietioer side. The upper boundary is usually, but
not necessarily, a free surface. Plane waves enter the mddim below, but converted waves may also enter
the heterogeneous region from the side. The 1D media on thané right are used for waves entering from
the left and right, respectively, and are not necessaridystime. To prevent diffractions, the wavespeeds in
the heterogeneous medium match those in the 1D media at threlades. Orientations of the “non-rotated”

(z,y, z) and45° rotated(z’, y, ') axes are indicated at the right.

The advantage of 2.5D is that we can model a wide variety af@mwents of geologic interest that
can be expected to be approximately invariant along a pdati@xis (e.g., mountain belts, rift zones,
subduction zones, basins) without significantly increg$ine computational demands of the 2D case,
but at the same time relaxing the 2D restriction that all sesiand receivers be in the same plane.

We compute waveforms by solving the 2.5D system of equatitiese using finite differences on
a2D(x, z) grid. The medium is parameterized by specifying a densityether P- and S- wavespeeds
or the Lamé parametepsand . at each node. The grid is bounded by a vertically dippingaregie
imbedded in background 1D media (Figure 1). The media omreitbrtical side of the rectangle can
be vertically stratified but are not necessarily identi€alr method requires only that phases scattered
inside the heterogenous region not reenter the rectantge thiey propagate outside of it. Hence
the media above and below the rectangle must be homogenatispaces; typically the top of the
rectangle is a free surface. The half space bounding therhaif the heterogeneous medium ensures
that the time-reduced waveform incident along this boupidaeverywhere the same.

A principal concern in solving wave equations using finitéetlences is the potential for intro-
ducing numerically generated dispersion and anisotropgs@& artifacts derive from the differences
in P and S wavespeeds specified in the continuous medium arfthibe difference representations
of them. The size of these artifacts decreases as the griltgdémncreases, but of course at a cost

of increased memory and computational time. Followstgkl and Pratt (1998) and Jo et al. (1996)
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we mitigate these artifacts by combining two Cartesianesystrelated by 45° rotation about they
(invariant) axis (Figure 1). In the “non-rotated” systemis horizontal and: is positive down. The
rotated(z’, 2’) system is defined by

Z+x Z—T
¥ ="""and; =

V2 V2

They axis is the same for both systems. Positive directions:fandy are arbitrary but conform to

~

TXYy=2.

To combine systems, we create an additional set of equatidhe (2, 2’) 45° rotated system by

0 1o o), 0 1 (0 0
oxr /2 \0x' 07 0z 2 \0r 07

into the 2.5D version of the wave equation. We then solvestysgsem of equations using finite differ-

substituting

ences on a weighted sum of the contributions from the twongd and unprimed) frames:

(p— pz,u)wzu +aA+(1—-a)A' =—f,
[p— oA+ 2p)]w*v +aB + (1 —a)B' = —f,

(p— pz,u)wzw +aC+ (1—a)C’' =—Ff, 2)

For added stability we include a lumped mass contributioarfivtt, 1983;Stekl and Pratt, 1998) for

the central node of a 5-point differencing star:

1—b
pu' = bpu + %(ﬂ*zﬁ +p U+ prus +p-u)

where we have used the differencing notation described ipeAgix A. The weights, and b are
determined by an optimization procedure, discussed inldeappendix B, that minimizes numerical
dispersion over all directions of propagation. Whgn= 0 the weights reduce to the forms found
in Stekl and Pratt (1998) for the 2D elastic caser P-SV and to those in Jo et al. (1996) for the
acoustic case for SH. The off-axis case is somewhat more laatgn as it involves complex terms
(specifically theip,w terms that come from th&/0y partial derivatives). Nevertheless, we find that
with appropriate weighting numerical dispersion can bepsegsed to less than a few percent with
grid spacing as sparse as 4 points per wavelength.

After replacing the continuous derivatives with the finitfestence stencils of Appendix A, the

forward problem can be written as the solution to a systermeél equations:
Su=—f 3)
If the grid hasn, x n, nodes, thernu is a3n,n, length vector containing the:, v, w) displacement

* With the exception of an error in their derivation discussedppendix B
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field at each point in the modef, is a 3n,n. length vector containing the sources at each point
(f = (fi Z, f%), andS is a banded, structurally symmetsie,n. x 3n,n, matrix containing the

finite difference terms. Following Pratt (1990), we solvetfte wavefield
u=-5"f @

using LU decomposition. The number of nonzero terms (ifdl})‘in the decomposition is minimized
by using the nested decomposition algorithm of George and1970) as implemented in thvdetis

package of Karypis and Kumar (1998).

3.1 Using a Background Wavefield to Specify Forces

In the case of teleseismic body waves the forces in equadiparé plane waves generated by distant
events external to the modeled medium. Specification of furdes in (3) may seem inappropriate

because in the absence of internal sources
Su =0 5)

and the solution to the resulting homogeneous equatiors (Bm-unique. Nevertheless, one can ask
if there is there a distribution of sourcgs that will generate a desired = u,, in a medium described
by a finite difference matrix,. Evidently, an appropriate force distribution can be cotaguirectly
from
Sotto = fo (6)

Hence if we have a means to specify a fialgdin a medium described by,, we can use the force
distribution above to compute the respomsef another medium described I5yto the same excitation
by solvingu = S~!'f.. Equation (6) shows that in order to generate an appropbat&ground
wavefield we must specify forces at every point in the medittowever, the differencing nature
of S, means that most of the energy jia will be located where the gradient in the displacement
field is largest, and this generally will be at the boundaoéshe grid. In particular, the forces at
the free (top) surface can be several orders of magnitudgtegréhan anywhere else. While not an
issue conceptually, such a concentration of source endirglpag the free surface can be numerically
unstable as the wavefield will necessarily depend on cheieasake on how to compute the response
of this surface. For this reason we will describe an alteragiproach that is theoretically identical but
numerically more stable.

We can describe the total displacement fieldas the sum of a background wavefield and a

scattered wave field,; generated by perturbations to the background medium

up = (Uo + up) (7
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We can similarly separate our differencing matrix S into mponentS, that produces the background

wavefield and a componesy, that produces the scattered field
S =8, +5Sh )
Recalling that in the absence of internal sources
Sup = (So + Sp)(uo + up) = Souo + Spue + Sup, =0 9)
The background plane wave also has no internal sourcese beng = 0 and
Sup = —Spue = —(S — So)uo (20)
Using (10), we solve for the scattered wavefield and then laglthackground to obtain the total field
wp = uo — STH[(S — So)uo] (11)

In this case the force distribution 5= — (S-S, )u., meaning that forces appear only at perturbations
to the background wavespeed, which generally will not idelany of the boundaries. Hence in this
case we avoid having large amplitude sources distributealarig the free surface. To show that the
two approaches are conceptually equivalent, recall thitartotal field approach (6) we specified a

distribution of forcesf, such that

Sut = Souo = [ (12)
and so from (9)
Sug = (So + Sp)(Uo +up) = fo + Spte + Sup = fo (13)
and finally
Sup = —Spuo (14)

which is equation (10). Hence we can solve for the total walgkflirectly as a response to a distribu-
tion of sources that create a wavefield in the backgroundumedir solve for the scattered wavefield
by computing the response a distribution of sources locatdice heterogeneities in the medium. We

generally choose to use the scattered approach in (10)esnitssto be more stable numerically.

3.2 The Plane Wave Source

In implementing (10) we could specify any background walefie, corresponding to a giveR,.
For examplewu, could be the wavefleld computed from a previous iteratiomefitverse problem for
which we already have stored an appropridte Generally, however, waveflelds for laterally varying
media of interest are not known a priori, and so we begin vitipker media for which we have analyt-

ical solutions. In the case of teleseismic body waves aldeita, should allow for surface reflections
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outside the heterogenous (“modeled”) region. It should altow for both continuous variations in
medium properties with depth and relatively abrupt changesh as the Moho or sediment/basement
interfaces, that would generate large amplitude mode esioves both inside and outside of the het-

erogenous region.

Fortunately there are several techniques available to atamihe response of a 1D (vertically
stratified) medium to plane wave excitation. For our purpose employ an algorithm based on the
Thomson-Haskell approach (Haskell, 1953; 1960; 1962),tisntecause it is a frequency domain
approach that has been used extensively in modeling 1D PSarateiver functions (e.g., Kosarev et
al., 1993; Oreshin et al., 2002). We adapt it here by comgtitie response at the free surface to an
impulse at the base of the model as described in Haskell (1%®2) and then recovering the response
at any point in the medium by accumulating the propagatoriogstin reverse order and applying an
appropriate phase shiff(5z) = P+ wherep, is the horizontal slowness) along the base of the

model. The computation of the wavefield in this manner is lyigfficient.

One can surmise from this approach that it will be desirablmatch the external 1D model to
the internal model along the vertical boundaries, otheviie change in wavespeed could generate
unwanted diffractions. At the same time, it is not necestagssign the same 1D model to both sides
of the box. The incident wave is never exactly vertical anissofluenced only by the model on the
same side of the heterogenous medium. Hence we may alloondiisgities to change depth within

the medium without having to return to an original depth andbposite side (Figure 1).

In applying the analytical form fou, one must be aware of potential artifacts caused by differ-
ences between an analytical (i.e., continuous) represamtaf the medium and our finite difference
approximation of it. The problem of numerical dispersionsvaiscussed above and a considerable
amount of effort was spent minimizing those effects. We ttlo&t some investigations in the electro-
magnetic literature recommend an additional dispersiorecton when using analytical plane wave
solutions in the time domain (e.g., Schneider, 2004; TanRuwtter, 2006). We attempted to emulate
this recommendation by computing phase velocity corrastio the manner desciribed in Appendix
B and applying them to the analytical model prior to compmtina. However, we found that for the
current algorithm such corrections were insignificant @t b&nd in some cases actually degraded the

computed wavefield. Hence we do not apply any analogousatimnnehere.

A more subtle artifact created by the mismatch between mootis and discrete models comes
from the appearance of nonphysical or “ghost” phases caubed an interface in the background 1D
models is displaced (or otherwise removed) from its origitegth within the heterogenous medium.
To understand the cause of this artifact, consider the ssucceated by application of equation

(6) across an interface separating media with differenpenies (Figure 2). Forces of the form
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Figure 2. lllustration of the origin of ghost phases generated whemtarface aligns with the grid. The two
nine-point stars average the medium properties betweenspoonnected by the thick black lines. The differ-
ences in the forces resulting from equation (6) are neanlyaklout opposite in sign, leading to the creation of
a force couple (indicated by horizontal arrows) separatedrte grid space at the interface. The waves gener-
ated by this force couple can be attenuated either by reygdbe interface with a gradual gradient in medium
properties or by displacing the interface upwards (to thehdd line) an amount that equates travel times in the

discrete and continuous representations of the mediundeetithe grid points.

p—1/2(u+ — u) will be created at points just above the interface, and offtinen 1 /o(u — u-)

at points along the interface. The net effect is a quasideoapross the boundary with nearly equal
forces in opposite directions. This force couple creategewahat compensate for the mismatch be-
tween the analytical and finite difference representatmfrthe medium (as discussed below, waves
generated using equation (6) in a 1D medium match the acalyarm very well), but if the source of
that mismatch (i.e., the interface) is removed these cosgigty waves still exist but no longer play
the role of primary phase modifiers. Instead they appear ali amplitude waves that emanate from
an invisible interface.

This effect is difficult to eliminate entirely, but becauddsi caused by the mismatch between
continuous and discrete representations of wavespeedtivas between the grid points near the in-
terface, they may be reduced considerably by decreasiggntimatch. One way to do this is to
replace the infinitesimal interface by a gradient in wavedpaver several grid points. Alternatively,
one can displace the interface a fraction of a grid spacingaugs from the first grid point at or below
the interface. An appropriate displacement can be estiratezquating the travel times across the
grid spaceh; for mixed mode waves we find that an average transit time étin phases works well.

Specifically we calculate an upward displacementrom:

5z = 0.5hVE, [1.0/(Vh, + V&) + 1.0/ (VL. + V) (15)

inc inc

where the superscriptsandb refer to the wavespeeds above below and above the interipmec-
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tively, and the subscript&.c andcon refer the modes (P or S) of the incident and converted waves,

respectively.

3.3 Boundary Conditions

The top side of the heterogenous medium generally is takbe the free surface and we apply the

usual traction-free conditions:

We represent these equations in finite difference form ugiegemplates summarized in Appendix
A, and in the 2.5D case we evaluate theerivatives above a$/0y = —iwp,. The remaining sides of
the medium are fixed displacement (Dirichlet conditionsghvgiome number (nominally 10, although
as few as 5 give satisfactory results) of grid points form@erfectly Matched Layer (PML) to
eliminate reflections (e.g., Collino and Tsogka, 2001). gtddons of PML to the second order elastic
wave equation are discussed in Komatitsch and Tromp (2008)Zheng and Huang (2002). The
two treatments are essentially equivalent although wedahe direct use of complex coordinate
stretching in Zheng and Huang (2002) easier to adapt to cwatibns of rotated coordinate systems.
The incorporation of a PML in the determination of the scatidield involves solving the 2.5D wave
equations using stretched coordinates, but a slighthemdfit approach should be taken when the
background wavefield is required to decay into the PML as.Wwellowing Zheng and Huang (2002),
we stretch the:; coordinate by defining a complex quantitysuch that

&= a9+ / Cei() da’ (16)

wherez{ marks the edge of the PML ang < z¢ is the normal heterogeneous region. It is straight-
forward to show that; is related to thei(x) term of Komatitsch and Tromp (2003) and Collino and
Tsogka (2001) by

i) = 1= ~d(z) (17)

Collino and Tsogka (2001) suggest the following form dox):

2
d(z) = 2—2‘ (%) tomo (%) _ Dy (18)
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where« is the P wavespeed, is the width of the PML, and? is a reflection coefficient generally
taken to be 0.001. To apply this concept to the backgroundfieds we evaluate the integral in (16)

to obtain

Zi %o (19)

2
& =z <1 - i9ﬁ> (20)
We then compute(w) within the PML (u,(w)) from

up(w) = A(w)exp [i (wt — wpyy — k& — k,2)]
D(pga3 +pzz3)]

= u(w)exp [— 3 (22)
which causes the background wavefield to attenuate exgatgntithin the PML in a manner con-

sistent with the scattered wavefield.

3.4 The Inverse Problem

Once a forward problem is implemented there are a numbertehpal procedures for constructing
an inverse problem. Several approaches germane to wavébonography were investigated for the
acoustic case by Pratt et al. (1998). We make use of the gitadpproach here partly because of
its intuitive character but more because it does not regigsificantly more computation than the
forward problem. We will review the basics of this approaehehto illustrate how it can be adapted
to the 2.5D teleseismic case.

We begin by defining a residual vecttd = u — d whereu andd are the calculated and observed

wavefields, respectively. We usd to create an objective function
1
E(m) = 55d*T5d (22)

where the vectorn describes the model. The inverse problem then consistdwohgdor a perturba-
tion ym to m that minimizes the objective function. The gradient methstimatesym by taking a

step in the direction of the gradient &f
m = —yV,,E(m) (23)

where~ is a scalar. It is not difficult to show that

n
8u2-

om
i=1

VimE(m) = %Vméd*Téd = Re od; = Re (J7od") (24)
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whereJ is the Jacobian. Recalling that the forward problerfidis= — f, a derivative with respect to

a particular model element; gives

ou oS
S .+ =0 (25)
and so
(9u _ o1 8S _ a1 (z)
= S g =St (26)

where we defing” = £() as a set of virtual forces. This leads to
ViE(m) = Re (JTod") =Re | (7' F)" a’|
= Re [F7 (s7)" 6d"| = Re (F"V) (27)
Pratt et al. (1998) argue that as long as reciprocity holdsatuld be the case that
v= (5" 6ar = 5 '6a (28)

so that no additional factorization 6fis required to do the inverse problem. When true, this idgnti
significantly reduces the computational effort (LU factation is the bottleneck in these algorithms),
and is why the gradient method was chosen for this applicativze inverse problem in this case
requires only slightly more computation than the forwarolpem.

We note that in general # is full rank then a singular value decomposition of a complaied

S = UAVH can be manipulated to show that
(s7HT = (") (29)

so that (28) is true as long &sis symmetric. Inspection of the templates that makesy@ppendix
A) shows that in the 2D case it is indeed symmetric everywlegpeptwithin the PML, the reason
being that direction of propagation is consequential withiese boundary layers (and so reciprocity
no longer applies). It is not difficult to comput&™)~!, in fact we can do this with the same LU
factorization of S (one simply solves the system of equatigsingS” = U” LT). However, we argue
that because the PML is an artificial construct, and becawgeul be symmetric in an infinite grid
with no artificial boundaries, it is in fact more correct teus ! in (28).

In the 2.5D casey, # 0), the part ofS outside the PML is Hermitian and thus no longer strictly

symmetric (i.e.ST # SH). In this case we can writ§ = UAUY and
(S—I)T — UHTA—IUT — U*A—IUT — (S*)—l
whereU* refers to the complex conjugate of each element of the edgeor matrixU without trans-

posing, whileU/ ! is the complex conjugate transpose bfFor a Hermitian matrixS* = S7', so (29)

still applies, but it is no longer the case that we can simgly the inverse of th8 itself in (28). We
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should instead use
v=5"1sd" (30)

in (28) but recall thatS* refers only to the part aof outsidethe PML. Because terms in the PML are
complex, we formS* simply by reversing the sign qu),.

Pratt et al. (1998) identify in (28) as a wavefield generated by back propagating timegese
scattered waves from the receivers using the same propagaittoix as the forward problem. We
retain the same back propagation aspect in (30), and indbis @versing the sign or is equivalent
to sending the wave back in the oppogsjtdirection from whence it arrived.

The F term in (27) is the forward propagated wavefield modified bgattering factorg—ri. In
the acoustic case this factor is a single scalar that is digpgron frequency and medium slowness.
As Pratt et al. (1998) point out, because a product of a fanatiith the complex conjugate of another
function in the frequency domain is a correlation of thegecfions in the time domain, the gradient
in (27) is simply a weighted correlation between predicted abserved scattered wavefields at every
point in the medium. When the correlation is large, the gpoading perturbation to the model will
be large as well. A similar intuitive interpretation apglig the 2.5D elastic case, although as we
have formulated it here, each, appears in several elements.®f As a result, instead of a single
scaler multiplying the forward wavefield, eaﬁ% is represented by a 27 x 27 submatrix with as
many as 369 nonzero elements (Appendix C). This much langeber of elements makes a simple
generalization of their effects less straightforward Huthe same time does not entail a significant

increase in computational effort.

3.5 Source and Receiver Statics

We consider the plane wave impinging on the heterogenousumeidom below to be associated with
a particular source time function (STF) which in generaliudes all of the effects on the incident
wave prior to its arrival at the model base. These would thelthe history of energy release at the
source and the interaction of the waves (reflections and roodeersions) that take place near the
source region. The STF usually is considered to be an unegddel “nuisance” parameter in imaging
algorithms. In travel time tomography it takes the form ofusdknown origin time that we remove by
substituting relative for absolute wavespeeds in the sav@roblem. In receiver function analysis the
STF typically is eliminated by deconvolving one componehimmtion from another. For example,

in P-receiver function modeling we represent the radipbfd vertical £) components of observed
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motion as

z(w) = s(w)G,(w)i,(w)
r(w) = s(w)Gp(w)iy(w) (32)

wheres(w) is the source time functior, andi ., are instrument responses that generally are known and
removed prior to analysis, arfe, andG,. are the vertical and radial components of the model Green'’s
functions. We then employ one of several algorithms in theetor frequency domain to deconvolve
the z component from the component to arrive at a form resembling

@) Gw)
@) @) (32)

The STF is a nuisance parameter in teleseismic waveformgrapby as well, but if we have

an array of stations recording the same event we can adaphniqee suggested by Pratt (1990)
for removing the source contribution from explosions in #oéive source environment. As stated in
equation (31), the wavefield is a convolution of the STF wihih medium Green'’s functions, and we

can write (6) as

Su = S[G(w)s(w)] = fo (33)
We estimate the STF by adjustingw) to minimize the difference between observed and calculated
wavefields. That is, if the set of observations from a given event satisfies

Sd = f (34)
then we seek a STHw) such that
S[Gw)s(w)] = fs (35)
To do so, we modify the STF at any particular frequency by aglerscaler so that
S[Gw)s(w)] = S [G(w)(es(w))] = Seu] = cSu
=cfo=1TFs

Hence, to approach (34) we minimize the difference betwkand cu. If we pose this as the mini-

mization of an objective function

then setting2) = 0 leads to
u*d

u*u

(36)

which is identical to the source correction term derived bgttR1990). Intuitively, (36) shows that
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is determined by a correlation of observet) &nd predicted« = S~! f) wavefields at each station
(normalized by the predicted wavefield). It is similar tockiiag, but in this case the stack is weighted
by the expected medium response. Hence we solvedach time we perturb the medium rather than
simply determine an average waveform at the outset (noteifthais a delta function, thew is a
simple stack of observed waveforms). It is also analogowditeinating origin times in travel time
tomography, in that parts of the waveform that appear to kerine sense “common” to all stations are
assigned to the source time function. Equation (36) allaw$ifing adjustments in the form of phase
shifts, but these shifts are frequency dependent and astiga&or needs to be mindful of the potential
for cycle skips. Rather than depend solely on time adjustsn@aiculated from (36) one would be well
advised to generate a travel time tomography image to usstastimg model.

An advantage of this approach over traditional teleseiseueiver functions is that the usual initial
step of source deconvolution, with all its attendant asgiong and potential for noise enhancement,
is not required. Instead, a source time function can be hted for each event, and the response of
the medium to this function can be calculated explicitlye omputation is economical: we compute
the Green’s functions i8~! only once for a givem, and loop through all sourcek to generate the
wavefieldsu from which we can determine

A common concern in teleseismic travel time tomographynisrg offsets at stations caused by
local wavespeed anomalies, and a standard method for caatpenfor these offsets is to subtract a
station-based average residual (i.e., a “station comedti In the waveform tomography approach an
algorithm similar to that described above for the STF canf@ied to compute receiver statics. In
this case we gather the residual wavefields recorded at a gtedion as a vectafd = d — w and
minimize the energy in these residuals by scaling the obbées to obtaind = rd. Using the same
procedure as above, we compute the value tbiat mimizes the energy ifd = rd — w and find that

B ud*
 dd*

T (37)

Note that a station correction determined in this fashiam @arect not only for time delays (again
being congnizant of potential cycle skips) but also for frexcy dependent modifications to the wave-

forms such as resonances at stations located in basins.

4 RELATING WAVEFORM TOMOGRAPHY TO RECEIVER FUNCTION MIGRAT  ION
AND TRAVEL TIME TOMOGRAPHY

The waveform tomography approach described here can betexe improve images of the subsur-
face by extracting more information from seismograms, lertet is a trade off in an elevated sensitivity

to noise and a nonlinearity that can make reaching a corrgdtmam through a series of linear steps
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Figure 3. Model used to verify the computation of the response of bgEneous media to plane wave excitation
using equation (10). The trial medium (panel B) is a high vegeed (8.4 km/s) slab embedded in a constant
wavespeed (8 km/s) background. A scattered field is compusieg) sources located within the slab, shown in
panel C for the real part of the source functions at 0.05 HpadMts located far from the edges of the slab, the
total wavefield should approximate the case of the 1D laypairel A, for which analytical solutions are known.
The trial plane wave arrives aa° angle of incidence, as shown in the inset in panel B. Closedgtles locate

the point where the seismograms shown in Figure 4 are comipute

difficult. As mentioned above, a classic nonlinearity inctpa analysis is cycle skips; if we are more
thanr radians out of phase, most algorithms will shift the phagkénwrong direction. For this reason
itis generally advisable to have a reasonable starting husitey whatever information can be gleaned
from other techniques. As mentioned at the outset, the imtige come from travel time tomography
and receiver function migration may be fuzzy or beset by guoibies, but have an advantage in being
relatively simple and robust so that investigators stilh caanage to recover some useful first order
information about the medium.

In the event that background information or noise levelsiraidequate to allow a full waveform
tomography approach, one can still use parts of the algoritescribed above to recover information
about the medium in a manner analogous to travel time irme@ind receiver function migration, but
in ways that are arguably superior to either of these staréahniques. For example, one can generate
a finite frequency travel time tomography image by normagjzamplitudes and solving equation
(27) for phase shifts (i.e., time delays) after windowing ftrimary (P or S) phase. An analogous
approach was employed by Maggi et al. (2009) and Tape etQGfl9f21f a priori information about the
subsurface is lacking, cycle skips can be reduced by fittieddw frequency end of the spectrum first
before attempting a broad band inversion. We can also eengagiver function migration by treating
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Vertical

Relative Displacment

Horizontal

Figure 4. Displacement seismograms computed at the free surface sfah model (Figure 3) at= 300 km
due to a plane wave entering the medium &baangle of incidence. Trace “A” is the vertical component of
ground motion {;) due to the scattering sources located within the slab (parne Figure 3), while “B” is

the displacement due to the constant wavespeed halfspageTtaces “C” show the sum of the upper two
seismogramsiy; = uy, + u,) plotted as a dashed line on a solid line representing thiytare solution for

the 1D medium shown in panel A of Figure 3. Traces D, E, and Rrer@nalogous results for the horizontal
component of motion. Amplitudes of the horizontal compdeeme magnified as indicated by the scales shown

on the vertical axes.

the deconvolved waveform in (32) as the residual fiéld*f in (27) and (28), and backpropagating
it into the medium from the stations. In this way, migratieneiquivalent to calculating the gradient
in (27) without the additional step of solving féfn. An advantage of performing migration in this
fashion is that we can more accurately account for the affettateral heterogeneity and multiple

scattering than is possible with most standard techniques.
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Figure 5. Snapshots of the wavefield generated by an incident planeve wa a medium composed of a
low wavespeed medium (6 km/s) over a high wavespeed medikm(§) separated by an undulating surface
indicated by the black line at about 40 km depth. The incideste enters from the lower left corner at an
angle of20° from vertical. Left and right panels show, respectivelytical and horizontal components of
displacement. The top, middle, and bottom rows corresponiites of 11, 22, and 33 seconds, respectively,
after the onset at the lower left corner at 100 km depth. Dedp and blues correspond to large plus and minus

amplitude and all displacements are plotted at the same.scal

5 EXAMPLES

In this section we discuss some simple examples that éitesthe basic concepts of teleseismic wave-
form tomography. The examples were generated using a FORTée that implements the algo-
rithms described above. Most of the computation was done@uaal core AMD Opteron (2.2 GHz
per core) with 16 Gb of RAM, but the examples were also runessfully on a MacBook Pro with a
2.5 GHz Intel Core Duo. The grid in the examples has 400 pairnise = direction and 100 points in
thez direction. The grid spacing is 1 km, which makes the mode& almut 400 km x 100 km and also
sets the minimum wavelength that we can expect to model withignificant numerical dispersion to
about 4 km. A ten point (9 km) wide PML is included along thetbot and sides of the model. For
reasons of stability, when we do the inversion we apply a niaske PML and to the uppermost 2
grid points at the free surface, which keeps the wavespesatstine boundaries constant.
Computation of the wavefield for a single frequency on the AQ®MO grid required about 20
seconds on the Opteron and about 50 seconds on the MacBook&ronally a complete forward
problem would require on the order of 40 frequencies, megthiat an entire suite of Green’s functions
can be determined for a moderately sized grid on a modestapeskmputer in less than an hour.
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5.1 Waveform Synthetics

In the process of testing the code we generated waveformesade range of trial models, and ani-
mations generated from several of these tests can be foliné'oiVe review two examples here. The
first tests the approach of equation (11) for computing thag@ivave excitation of 2.5D heterogeneity.
The heterogeneity in this case is a slab with wavespeeds gbehihan those in a surrounding con-
stant wavespeed background (Figure 3). While no analysigiition to the wave equation exists for
this case, it should happen that the response at statiofi®farthe edges of the slab should closely
approximate the response of a 1D medium (i.e., an infinite) sfar which the response is known.
We use equation (10) to compute a scattered wavefig)yiftom a distribution of sources in the slab
(panel C in Figure 3) that can be added to the (known) halfespasponse to recover an approxima-
tion to the layered medium response. The analytic and ngaleviaveforms (traces C and F in Figure
4) are quite similar, the main difference being a slight uad@émation of the amplitude of the main
phase caused by approximating a 1D layer by a bounded slabh vgmores the small but nonzero
contributions of scattering sources that would extend eybhd the edges of the slab.

The second example demonstrates how the algorithm worksniodezl that has large wavespeed
gradients in both horizontal and vertical directions. Theice of model dimension for this test was
intended to represent the Tien Shan region of central Adiereva significant amount of effort has
already gone into generating travel time and receiver fandimages (e.g., Roecker et al., 1993;
Vinnik et al., 2002; 2004; Li et al., 2009). One of the intrigg results of those investigations was
evidence for an undulating Moho with remarkably large egmurs from a mean depth of about 45 km
(e.g., Oreshin et al., 2002). We reproduce this environrmeatsimplified manner here by specifying
a constant wavespeed crust (6 km/s) over a constant wavespagle (8 km/s) separated by a thin
interface (Figure 5).

Wavefield snapshots (Figure 5) illustrate the responseisfcitustal/upper mantle model to an
incident P wave approaching from the lower left 208 angle of incidence. Clearly visible in the
panels are reflections from the curved parts of the Moho aods&ing and defocussing caused by
wavespeed changes and refractions on the boundary. SV nooelersions show up clearly on the
horizontal components of motion (panels B and D in Figurdiitiply reflected phases entering from
the stratified medium to the left of the modeled region arartfeseen at the left side of panels C and
D. Record sections (Figure 6) computed at points at the siiflustrate the phenomenon of “ghost”
phases described above, as the later arriving phases tgshardhe 1D background model (left side

panels of Figure 6) appear as faint, but still discerniblgges in the 2.5D model. As discussed above,

T http://gretchen.geo.rpi.edu/roecker/WT/ElasticFBuht
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Figure 6. Record sections of displacement seismograms for the exasimglwn in Figure 5. The panels on
the left show the plane wave excitation for the case of a bated Moho at 40 km depth, which is also the
background medium used to computge Panels on the right are the total field for the undulating Mskiow in
Figure 5. The upper and lower rows correspond to verticaltamzontal components of motion, respectively.
Note the reduced, but still discernable, presence of the ddikdground mode conversions (“ghost” phases) in

the sections on the right.

it is difficult to eliminate these artifacts entirely, but wan significantly reduce their amplitude by

displacing the 1D interface upwards by about half a grid spac

5.2 Tomography Example

To illustrate some of the key concepts of teleseismic waweftomography we consider a simple
model of a half space composed of a Poisson solid with con8tkm/s compressional wavespeed in
which a block 40 km on a side with wavespeeds 5% higher thahabkground is embedded (Figure
7). Synthetic seismograms are generated by calculatingeiponses to incident plane P waves from
6 events. Three of these are at a back azimuibf ¢f.e., waves approaching from the right in Figure
7) and three are frorm80° (waves approaching from the left) and with angles of incadeof20°, 30°,
and40° with respect to vertical. The source time function of thedeat wave is a Kiipper wavelet
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Figure 7. Results of waveform tomography inversion for P wavespetst #iree iterations. Only the middle
200 km of the total 400 km width of the model is shown here toagie details in the image. The remainder
of the model stays at the background wavesp@&eq. The target image. This is a 40 km x 40 km block with
wavespeeds 5% higher than the 8 km/s (green) backgroundlidgpeam to the left of the block shows the angles
of incidence for the 6 plane waves used to generate a synitiata setMiddle. Reconstruction of the target
using both amplitude and pha&nttom.Reconstruction using only the phase. Receivers are loecdtad the
surface at a 1 km interval betweerr 50 and 350 km. The closed triangle locates the receiver-ai 90 km

where the seismograms in Figure 9 are calculated.

(Kupper, 1958) with a dominant frequency of 0.5 Hz and a badth from 0.02 Hz to 1 Hz. The
wavefield is recorded by 300 receivers placed 1 km apart alomgurface between = 50 and 350
km. The starting model in the inversion is the constant bemkgd, and three iterations are performed

to produce the final results shown in Figures 7 and 8.
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Figure 8. Results of a waveform tomography inversion for S wavespébd.target image is the same as that
shown in Figure 7. Scaling of the palette is indicated atdlnest left of each imag€A). Reconstruction after the
first iteration starting with a constant wavespeed backgdo{B). Revised starting model for second iteration
based on the P wavespeed model obtained after the firsidgreré€) & (D). Reconstruction after the second

and third iterations.
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Besides being a common type of observation in body wave sisalypnodeling an incident P
wave and the scattered waves in its coda provides a good éxahpow waveform tomography
incorporates aspects of both travel time tomography aneivecfunction migration in creating an
image. Because the primary P arrival is much more enerdwit the scattered phases, those parts of
the Jacobian in (23) related to P wavespeeds will be seagitivnarily to the phase shifts caused by
the P wavespeed anomaly. To see that this is the case, we mapanage reconstructed using the
full waveform with one using only phase shifts. The resuit&igure 7 show that while the edges on
the full waveform image are somewhat better defined, thegsbaby inversion does nearly as well in
reconstructing the image.

In contrast to the P wavespeeds, there is very little infoionaabout S wavespeeds in the P
coda, and the Ps conversions from the sides of the box areoth@dnt residual shear waves that
the tomography algorithm migrates back into the medium. W@ in panel A in Figure 8, these
residual waves converge in the general vicinity of the edddble box, but focussing is poor due to
the inaccuracy of the model used to perform the migratiorcBipally, the sides of the box appear
to dip inwards because the background is 5% slower than uldhmze. Note also that becauak of
the residuals are migrated, the misfit to the primary P phlases up as large amplitude signals near
the top of the model. If we tie the S wavespeeds to the imagedvespeeds as shown in Figure 8b,
the migrated image is much better focussed, and on the thiration the edges of the box are clearly
seen even though the wavespeeds within the box are still elbtesolved.

We note that while this test reconstructs what appears to fagla well resolved image with
much less data (6 events and 1800 arrivals) than that usasadilable for tomographic imaging, we
compensated for this lack of information by fixing the soui® function and not contaminating the
data with any but a small amount of numerical noise. The vafuests that quantify the influence of
noise and geometry on an image usually depend strongly queitieular data being analyzed and so

will wait for an investigation involving an actual dataset.

6 EXTENSIONS

This paper outlines a basic 2.5D full waveform teleseismimdgraphy algorithm, and the discussion
has focussed on the case of heterogeneous, elastic medi&. dile additional techniques that can be
adapted from the acoustic waveform tomography approacheXample, an extension from elastic
to viscoelastic (i.e., finite Q) media can be achieved bygisimmplex wavespeeds. Simple forms of
vertical anisotropy can be included by stretching the cioatté system in the direction. More sophis-
ticated methodology like the receiver function approachesfin and Park (1997) would be possible to

employ in computing a background wavefield, but modelingppgation in a general heterogeneous,
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Figure 9. Displacement seismograms for the station located at thiignos = 190 km in Figure 3 for the full
wave inversion test. The plane wave source in this case 2@fsangle of incidence and is propagating in the
direction. The uppermost traces (A) show the horizontalpoment of the recovered and true waveforms plotted
as dashed and solid lines, respectively. The “recoveredipoment is computed using the model determined
after three iterations (shown in figure 8d). The “true” warefi corresponds to the“true” model shown at the
top of Figure 7. Trace (B) is the waveform in the starting {bpbhce) model. The lower two sets of seismograms

(C and D) show the equivalent waveforms for the vertical congmt. All amplitudes are scaled equally.

anisotropic media would most likely require significant ganing resources. Topography or subma-
rine environments that involve media with a solid-liquideirface can be modeled using a combination
of elastic and acoustic equations when forming the diffeeamatrixS; methods for computing back-
ground fields in these cases are well known. For examplegtapby may be accounted for using a
modified version of the transformed grid technique of Ruudldastholm (2001). Finally, teleseismic
body waves could be combined with other types of wavefornesjwint inversion. An active source
line parallel to ther axis would be the easiest to incorporate as the original RG&tithm was de-
signed for this type of application. Surface waves could bksincluded; as with body waves one need
only be able to specify a known background wavefield. Locahgaiakes could be included provided
both sources and receivers are located within(the:) plane because the wavefield in this case is
no longer invariant along the direction. Nevertheless, one might argue that 2D sectibtiseo2.5D
model still allow reasonable approximations of the wavedfiel

Our intention in this study was to provide one example of etéfale inverse problem using gra-
dients, but there are several other approaches that ong coasider. In particular, Pratt et al. (1998)
discuss several alternatives for the acoustic case théd beueasily adapted to the visco-elastic tele-
seismic case. Also, where the location of specific boungésian important part of the inverse prob-

lem (for example, when focussing on receiver function ntigrg one might consider inverting for
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interface topography instead of wavspeeds at individual goints, as suggested for example by
Dahlen (2005).
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APPENDIX A: FINITE DIFFERENCE FORMS

Ouir finite difference forms are defined on a nine-point stanghdiagrammatically as

pZ ope pt
poop pt
pyope pl

We also define average medium properties between these jagilin this case fqr)

where, for exampley

+1/2
+1/2 =

_ ~1/2
. K /
_ ~1/2
K1/ H_1/9
" 12
_ ~1/2
Fiip Hyqge
_ ~1/2
Ky My

+1/2
pe oty
+1/2
H—1/2 :u'_ljg
y 2
+1/2
Hy1/2 :u_|_1§2
+1/2
K+ Ky

ence formulation in the non-rotated frame are

O _ T 4172

+
Fiiy2

T

(1 + pf) /2. The general forms of the stencils used in the finite differ-

= [ =) - )| 28

bl = 12wy — w) + p_yjo(u —u)] /24

) = [P ) — P )] f2A
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2] = [t — ) a2 )] a2
#& = [M+1/2(U+ —u)— ,U—1/2(u - U—)] /A2
5) = p(ui —ul)] /407

2] = [ — ) — oot — )] a2
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and in the45° rotated frame
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When computing the optimizing weights of the sum of the tvamfes to minimize numerical disper-

sion (Appendix B), we use homogeneous versions for the otaied frame

and in the45° rotated frame

ou

J’_

ut U
or  2A
ou  uy —u_
9z 2A
Pu  ut—2u+u
ox? A?
0%u Uy —2utu_
922 A?
0%u ui—uf—u;—ku:
0x0z 4A2
ou  ul —u”
ox'  2V2A
ou  ui —ul
92 2V2A
0%u ui —2u+u_
ox'? 2A2
O*u  ui —2u+ul
022 2A2
Pu uyp—ut —u +u
0z'0z 2A2



32 S. Roecker, B. Baker, and J. McLaughlin

APPENDIX B: OPTIMIZATION OF GRIDS FOR NUMERICAL DISPERSION IN THE
2.5D ELASTIC CASE

Following Jo et al. (1996) an&tekl and Pratt (1998) we use a weighted sum of rotated goids t
minimize the effects of numerical dispersion. We quantifgse effects by determining the difference
between true compressional)(and shear () velocities in the medium and the associated plgse

and grou ) velocities predicted by the finite difference forms. We defanset of functionals
Vgrid 2
E:max[l——g ] (B.1)
Vtrue

and adjust the weights to minimize an integral of these fonets

2n /G
/ max{Ey,, Eot, E0E EG St B2} do dk (B.2)

kA
2

functionals defined above evaluated using the phase (phpopdgr) velocities for three phases, one

wherek* = = é A is the grid spacingd is the rotation angle, an@’’ , etc. refers to the

ph?

compressional) and two shear{; and.S,), that in the 2D case correspond to P, SV and SH. We

start with the 3D elastic wave equation in homogeneous media

0 Ou; 0%u;
20 — Y%y i
wipui = A+ ’u)&nz 0z + #82% (83)
which in 2.5D becomes
82 82 82 Z?v
2002, 2 22 Y 207U o — 32 _ 22
2/ 2.9 2 &%v 32 9, Ou 9, Ow
W?(e?p) = 1) = ( + 35 2) iwpy(o® = B) 5= —iwp,(a® - F) 5= (BS)
82 &%u av
2 2 _ _ 2 2 o? — 32 _ _ A2

We write these equations in tH&° rotated frame as

(@®+ 6% [(0*u  O%u
By — Du= B 02 " 9272
?u (o —p%) (Pw  O*w o (a®=B) (v v
(" =5 )E?x’ﬁz’ * 2 <8m’2 82’2> Py V2 (836’ 8z’> (B.72)
0*v
wz(azp?/ 1)U o 52 (a 2 azl2>
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(B — Dw = (a? + ?) (8220 82w>
v

2 ox? 02"
o () (3 )
and combine the two systems as a weighted sum
(R2p? — %)uﬂu — A+ (1—a)A’ (B.8a)
(pZ - %)wzv =aB+(1—a)B’ (B.8b)
(R*p? — é)wa =aC+ (1—a)C’ (B.8¢c)

where the primes refer to this° rotated frame andk? = g—z We also include mass lumping as

1-0
U; = buli_ + 7( 1 )(uﬁ +u; +uiy + ui_) (B.9)

where the superscripts and subscripts refer to the eleroétite nine point star as discussed in Ap-
pendix A. The objective of the dispersion analysis is to heiee the values of in (B.8) andb in
(B.9) that minimize the integral in (B.2).

We proceed with a von Neumann analysis by introducing a plave solution(ug, vy, wg)e (ke +kyy+k=2)
where we recall that for 2.5B, = wp,. This plane wave is expressed in the finite difference stenci

of Appendix A by, for example

fj- _ A(w)ei(wt—wpyy—kw(x-i—A)—kz(z—A)) — fe—i(kx—kz)A (B.10)

and similarly for the remaining points in the nine point steinen definingl; = (R?p2 — ) and
T, = (p2 — -%) and collecting the finite difference forms we can write thenbined wave equation
(B.8) as

Ty My 0 0 Ug . Ky wpy K1 A K3 Ug
W0 oM 0 v | = Az |wpyKalA Ko wpyK3oA| |vg | (B.11)
0 0 T1M1 wo K31 wpnggA K33 wo
where

1-9b
M, =b+ T(2cosk:zA+2czoskrzA)

=b+ C ; ) (cos(kA cos 8) + cos(kAsin §)
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0?u 0% (14 R?) [(0%u = 0%u o 0%
Ku =a [W RS 2} +(1-a) [ 2 (8:::’2 * 82’2> SRR
=2a [cos(kAcos§) — 1+ R?*(cos(kAsin 8) — 1)]

+ (1 —a)[(1 + R*)(cos(kA cos 0) cos(kAsinf) — 1) — (1 — R?)(cos(kAsin @) — cos(kA cos 6))]

- (2 )

— (1 — R?)[asin(kA cos 0) + (1 — a) sin(kA cos 8) cos(kA sin 6)]

0*w 1-R? (0%w O*w
K1 =a(l - Rz)ax(‘)z +(-a) 2 < o 82’2>

— (1 — R?)sin(kA cos ) sin(kA sin 0)

v D% %v 9%
Ky =R [ <W + W) +(1-a) (W + W)}

=2R?[a(cos(kA cos 0) 4 cos(kAsin ) — 2) + (1 — a)(cos(kA cos §) cos(kAsin ) — 1)]
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w5 0%w (14 R?) [(0*w = 0*w 5 0?w
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= 2a [cos(kAsinf) — 1+ R%(cos(kA cos 6) — 1)]

+ (1 —a)[(1 + R*)(cos(kA cos 0)(kAsinf) — 1)
+ (1 — R*)(cos(kAsin ) — cos(kA cos 6))]

Identifying the eigenvalue problem farA in (B.ll) gives us the form

w4 4
(,L)6Tl2T2]\413 — FT1T2M12(K11 —I—Kgg) A2T1 Ml Koy —

2 2
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or rearranging
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We now have a problem of the fora¥ + ax? + bz + ¢ = 0 wherex = (wA)?. Following Press

et al. (1992), to solve this cubic with real coefficients westfiet

a® — 3b 2a3 — 9ab + 27c
: = B.12
9 r 54 ( )

Q=

Since@ and R will in this case always be real améf < @Q? the three real roots in this case are given
byt

T = —2\/_(308 (g) — g (B.13a)

(B.13b)

w2:2\/_cos (0—13:77) —

w|e

T3 = 2\/_(308 <9 g 7T> — g (B.13c)

where we have defined

0 = cos! (\/122_3> (B.14)

Evaluation of these roots indicates thas close tor which makes:; andzs approximately equal and
always less thams. Hence we associate the two lower frequency componentssivélar wavespeeds
(r1 = S1, z2 = S2) and the higher frequency; with compressional wavespeets (= C). In the
2D case) = m andxz; = z». The fact that they are different whery # 0 implies a directional
dependance, or numerical anisotropy, for shear waves.llRecthat z; = (w;A)2, the numerical

phase velocities are

W xZ;
Uph; = 77 = g (B.15)
and group velocities are

YTk T aymA T dk 24/ dk (B.16)

B1 Numerical Integration

To approximate the integral in B.2 we use a 2D Simpson’s raedbed in Mathews and Fink (2004)

as

//Rf(x,y)dA:/b/df(w,y)dydxﬁwSZD(f,h,k)

1 Note that these formulas differ from those prescribed bg®et al. (1992) by a minus sign and théctor in the argument of the cosine

functions forze andzs. We discovered this error only after a significant amountspiirin and hair loss.
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where

%sw — faye) + flayd) + f(b )+ f(b,d)

n n—1 n
+ 4Zf(a7y2j—1) + 2Zf(a7y2]) + 4Zf(b7 y2j—1)

J=1 J=1 J=1

n—1 m m—1
+23 fbyzj) +4> flwaii1,0)+2Y ) flwaic)
j=1 i=1 i=1
m m—1
+4> flwoi1,d)+2 ) f(wa,d)
i=1 i=1

n m n—1 m
+ 162 (Z f($2i—1>y2j—1)> +8 (Z f(l'gi_l,ygj)>
j=1 \i=1 j

i—1 \i=1
n m—1 n—1 /m—1

+8 Z (Z f(l'2i>y2j—1)> +4 Z (Z f($2iay2j)>
Jj=1 \i=1 j=1 \i=1

and the rectangleR = {(z,y) : a < z < b, ¢ < y < d} wherez is divided into2m subintervals

byh = %% i=0,1,---,2m and y is divided int@n subintervals byt = &<, j = 0,1,--- , 2n.
We choose a Simpson'’s rule because the error can be showrofd@gé?*) + O(k*). Other schemes,
such as Gauss family integration rules, can work just as prellided the integral is “smooth” over

the region. In our case, Simpson’s rule has the advantagasefa implementation.

B2 Results

The optimala andb coefficients determined from minimizing (B.2) depend upureé variablesp,,
the local P wavespeed), and Poisson’s ratioo). An exploration through typical ranges of these
variables reveals a weak dependence ahdb on .. An example of the dependance @andb on

py ando is shown in Figure Al forx = 5.0 km/s. Thep, range of -0.1224 to 0.1224 corresponds
approximately to an incident P wave with a variation in angfiencidence of abou6° to 40° and
azimuths between-30° and 30°, which is a representative range of directions for this igpfibn.
These plots show that that the optimal valueg ahdb are much more dependent upon®othan on
py- The effect of different choices of is a slight a compression or stretching of this surface atbag
py axis. To a good approximation then, orlyandp, need to be specified to recover the optimal values
at any grid point. An exception is “fluid-like” media with sthahear moduli, as the minimization
procedure becomes unstable when Poisson’s ratio is griaterabout).40. As discussed irStek
and Pratt (1998), in the fluid case one shouldaise0 (rotated system only). Functional forms of the
error curves (e.g., Figure A2) for a selection of propagmstimections show that for nearly all cases the

numerical errors are less that a few percentif@® < 0.25 or 4 grid points per wavelength. Somewhat
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Optimal Weights
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Figure Al. Optimal weighting coefficients for givem, from -0.1224 to 0.1224 and Poisson'’s ratio from 0.005
to0.4
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Figure A2. Examples of dispersive effects on phase and group velscisimg the optimal coefficients in Figure
Al for ¢ = 0.31 and a propagation angle 2if.5°. Thep, values range from -0.1224 to 0.1224, and the grid

values from 0 to 0.25.
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surprisingly, the largest errors were found for horizdgt@ropagating shear wave waves at large
values ofp, implying that numerical anisotropy may be significant irstparticular case. Horizontally
propagating shear waves are not expected to play a sigrifioknin teleseismic tomography, but
should be considered if this technique is combined withesigrivaves. Even in this event, the typically

longer wavelengths used in surface wave analysis shoufultkeetotal errors below a few percent.

B3 Reduction to acoustic and 2D elastic cases

The 2.5D forms shown above can be reduced to 2D by settjrg 0 in (B.11). In this case we arrive

at a factored problem of the form

w2 A2 w2 A2 w2 A2
< o2 M1+K22> |:< o2 M1—|—K11> < o2 M1+K33> —K§1:| =0 (B.17)

and we find that)/; and K5, are equivalent to the acoustic forms given by Jo et al. (1298)
correspond to the SH phase in the elastic c&sg., K52, and K3; are equivalent to the forms for
P-SV in the 2D elastic case given Syekl and Pratt (1998)

If we then solve (B.17) where = %, and match up with the values calculated by the cubic

equation, we can identify the roots as

My M? My

_K11+K33_|_\/(K11+K33)2 +K11K33—K§1

_Kin+Kss [ (Ki1+Ks3)? + K11 K33—K2,
My M? My

2y = 5 (B.18b)

_Kxn
My
wherez; andz, are the P and SV coupled 2D elastic case from the quadratie;s6e the SH acoustic

73 = (B.18c)

case.

APPENDIX C: CALCULATING THE JACOBIAN FORCES

In equation (26) we defined a set of fordBs= f() that generate the Jacobian:

ou JOu ou

7= 8m18m2”.8mn

} = 571 [0 po] (C.1)

§ The computations oBtekl and Pratt (1998) differ from 2D terms we derived indefantly as their finite difference forms of the cross

derivatives in the rotated frame (e.gg,za—“z,) appear to be incorrect.
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where

; 08
(0 — _

The displacement field is determined using equation (11). Only a very small pesggnbf the matrix

u (C.2)

0S5 /0m; is nonzero, and to locate these terms we first examine thetusteuofS.

C1 Structure of the Finite Difference Matrix

Each point in the medium is associated with three compor@ndtsplacementu, v, w), and in gen-
eral each component is coupled to the other two. Hence the dlasnent ofS is a 3 x 3 matrixA that
we order as
Avu  Aw  Auw
A= | Ap Ay Apw
Avu  Awv  Aww
whereA;; contains the finite difference contributions to displacatme direction: from partial deriva-
tives of displacement in directigh Because we use a 9 point star to compute differences, thlacks

ments at any point in the medium are described by 9 of thesetrices ordered spatially as

Ay Ay Ar
Ay Ay Ag
Az Ag Ay

and arranged to form 3 rows in ti¥ematrix as
A Ay As - Ay As Ag - A Ag Ag]

For convenience we will refer to this set of 3 rows as a “met&-r

C2 Computing derivatives of S

As discussed in Appendix A, medium properties are averageuden points in the 9 point star. Hence
terms involvingm; will be found in each of thed matrices in the meta-row corresponding to that
particular element. Additionally, averaging creates ®involving m,; that appear in the meta-rows
associated with adjacent points in the medium, so that iergéthere will be 8 additional meta-rows
with nonzerodS /0m,; elements. The locations of these elements can be summagZadt defining

a blockette ofA matrices inS as

A
Bn: 0
0
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where the subscript oA above refers to the position of that matrix within the 9 paiteir associated
with a particular meta-row (i.eA4,, in a given meta-row is not necessarily equal4g in any other

meta-row). That part of involving m; consists of 7 of these blockettes arranged as

Bs -+ Bg -+ 0
By --- Bs --- Bg (C.3)
0 -+ By --- Bs

Typically we take then; to be the wavespeeds,(and3;) specified at the grid points. Let; be
a wavespeed at poirtof the 9 point star and defing,, ; as the 3 x 3 matrix of derivatives of,, with

respect ton;, i.e.

0A,,

An,j - Z?mj

(C.4)

Then for a givenm;, the nonzero elements of the bandgsl/9m; matrix in equation (C.3) can be

written in a compact form as

Asy Ago 0 Asg Agg O O 0 0
0 Ass 0 Apg Ags Ags 0 0 0
0 Ayp As; O Apr Agr 0 0 0
0 Asg 0 Asg Agg 0 0 Agg 0
;i = A1 Az Ass Aus Ass Ass Ars Ass Aogs
0 Aiq 0 0 Ay Ass 0 Ay 0
0 0 0 Ass Ags 0 Ay Ags 0
0 0 0 Az Ass Ass 0 Ass 0
0 0 0 0 Ay Agq 0 Ay As;

where we recall thatl; 9 referencesn; when it is located at position 9 in the nine point stag,s

whenm; is at position 8, and so on.

Let D;, represent the 3 x 1 subvectgry,, vy, wy,) of w that is multiplied by thek*” meta-row of
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05 /0m;. Then from equation (C.2)

_A5,9D1 + Ag9Do + Ag 9Dy + A9,9D5_
As Do + A7 8Dy 4 Ag D5 + Ag g Dg
AyrD2 + As7D3 + A7 7D5 + As 7Ds
Az 6Dz + As 6Dy + Ag6Ds + AgsDs

9
£ =- > ApsD; (C.5)
k=1

A14Dy + Ay 4Ds + As 4D + A7 4Dy
A2 3Dy + A3 3D5 + A5 3D7 + Ag 3Ds
A12Dg + Az 9Ds5 + A3 2D + As 2Dy
| A1,1D5 + A2 1Dg + Ag1Dg + As1Dy |

The 41A,, ; matrices in (C.5) require that we specify 369 medium depenfdetors to compute the
27 elements off () for eachm,;. While somewhat more onerous than the acoustic case, whire o
one such factor is needed, the derivatives in (C.4) can beessed analytically and nearly half of

them are zero, so the extra computational effort is not guaridensome.



